Structural characteristics of the spherically averaged internally folded density or reciprocal form factor B(r) are studied within the Hartree-Fock framework for 103 neutral atoms, 54 singly charged cations, and 43 anions in their ground state. The function B(r) is classified throughout the Periodic Table into three types: ͑i͒ monotonic decrease from the origin, ͑ii͒ maximum at rϭ0 and a negative minimum at rϾ0, and ͑iii͒ a local maximum at rϭ0 and a pair maximum-minimum out of the origin. A detailed study of the corresponding properties for individual subshells as well as their relative weight for the total B(r) is also carried out. For completeness, the analytical B(r) for hydrogenlike atoms in both ground and excited states is also analyzed.
I. INTRODUCTION
The reciprocal form factor B(r) of a many-particle system ͑e.g., atom, molecule͒ is defined in terms of the oneparticle density in momentum space, ⌸͑p͒, as the Fourier transform [1] [2] [3] ͑atomic units are used throughout͒
B͑r͒ϵ ͵ e
Ϫip"r
⌸͑p͒dp. ͑1͒
For atomic systems, the main information of the threedimensional reciprocal form factor may be condensed into its spherical average B(r). Similarly, some relevant quantities in momentum space can be described by only considering the spherical average ⌸(p) of the one-particle density, such as the radial expectation values The interest in studying the reciprocal form factor of atomic systems is based not only on its equivalent role to the one played by the form factor F(k) in connection to the charge density, but also on its usefulness on checking the accuracy of different experimental measures, such as those involving Compton profiles of scattering processes. 4, 5 From a theoretical point of view, not many rigorous results are known on the structural characteristics of B(r), apart from the asymptotic behavior close to the origin:
Concerning the numerical studies of B(r) within different models, let us mention not only the calculations ͑e.g., Ref. 6͒ but also the tight approximations in terms of moments of B(r) and local values of the momentum density 7 or the Compton profile. 8 The aim of this work is to study the structural properties of the reciprocal form factor for some atomic systems. In Sec. II we show that for the ground-state atomic systems studied ͑103 neutral atoms, 43 single anions, and 53 single cations͒, using the Roothan-Hartree-Fock wave functions of Koga et al., 9 the reciprocal form factor falls into three different categories attending to the number of its local maxima and minima. A study of the relative contributions of the different subshells to the total reciprocal form factor for the aforementioned systems is also carried out. Finally, in Sec. III, a detached study of the structural characteristics of B(r) is analytically done for one-electron atoms in excited states.
II. CATEGORIES OF RECIPROCAL FORM FACTORS
In order to compute the reciprocal form factors of the systems considered in the present work, two different methods have been employed. In both cases, the starting point is an accurate Sater-type basis set from which the momentum density ⌸(p) is analytically described. Figure 1͑a͒ shows the reciprocal form factor of the Be atom (Zϭ4).
• Type II. A local maximum at rϭ0 and a negative minimum at rϾ0 for the following 30 neutral atoms: Zϭ5 -10, 13-18, 31-36, 49-54, and 81-86. Figure 1͑b͒ shows the reciprocal form factor of the Ne atom (Zϭ10).
• Type III. A local maximum at rϭ0 and a pair minimum-maximum out of the origin for the 9 neutral atoms: Zϭ42, 44 -48, and 78 -80. Attending to the sign of the minimum value B min of B(r), we can distinguish ͑i͒ the type III-a when B min Ͻ0 ͑for Zϭ46) and ͑ii͒ the type III-b when B min Ͼ0 ͑for Zϭ42, 44, 45, 47, 48, and 78 -80͒. Figures 1͑c͒ and ͑d͒ show the atoms Pd (Zϭ46) and Au (Zϭ79) which have a B(r) of type III-a and III-b, respectively.
Reciprocal form factors of type I are found for atoms of groups 1-9 except Mo, Ru, and Rh, for all lanthanides and actinides, and for He, Ni, Cu, Zn. Type II is found for all the atoms of groups 13-18 except He. This second type ocurrs for all atoms with one or more electrons in p orbitals of the outermost shell. Type-II atoms are the norm for groups 10-12 ͑except Ni, Cu, Zn͒ and for Mo, Ru, and Rh.
Analysis of the reciprocal form factor of singly charged atoms, 43 single anions and 53 single cations in their ground state, by means of the Roothan-Hartree-Fock wave functions, shows that the modalities of B(r) fall into one of the three categories found above for the neutral atoms.
• Type I: the 20 anions with Zϭ1, 3, 11, 19, 21-29, 37, and 39-44, and the 14 cations with Zϭ3 -5, 12, 13, 20-22, 25, 26, 31, and 38 -40 have a B(r) that belongs to this type.
• Type II: the 20 anions with Zϭ5 -9, 13-17, 31-35, and 49-53, and the 24 cations with Zϭ6 -11, 14 -19, 32-37, and 50-55 have a B(r) of this type.
• The extremum characteristics of the type-II and type-III reciprocal form factor are summarized in Tables I and II. First should be noticed the small height of the local peaks compared to the absolute maximum value B(0)ϭ1; then, a high accuracy on computing the function B(r) is a basic requirement for the subsequent analysis and intepretation of such local characteristics. On the other hand, some details of the classification could be an artifact of the basis set.
For type-II atoms, in all the cases the values of location of the minimum r min increase when the number of outermost p or d electrons increases. Moreover, the location of the minimum in neutral and singly charged atoms shows up a linear dependence on 1/Z within each subshell, with a correlation coefficient always greater than 0.975. The same is true for atoms with a type-III reciprocal form factor. Figure 2 shows the inverse of the location r min for type-II and type-III atoms, and the above linear behavior corresponding to atoms with the same principal quantum number n and symmetry l of the outermost subshell.
When an isoelectronic serie has a type-II or a type-III B(r) we always observe inequality r min ϩ Ͻr min 0 Ͻr min Ϫ . This behavior conforms with the behavior observed in r min for the neon isoelectronic series in Ref. 10 . There is no regular behavior for B min in singly charged ions and neutral atoms with type-II or type-III reciprocal form factors or for B max in singly charged ions and neutral atoms with type III.
The total B(r) is the sum of subshell contributions, i.e., B(r)ϭ ͚ nl B nl (r); so, the different types of B(r) may be understood in doing an analysis of the different behaviors of the contributions B nl (r). This analysis allows us to say that the behavior of B(r) is essentially determined by the contributions of the highest ocuppied subshells. Let n l be the principal quantum number of such subshells with symmetry l (ϭs, p or d͒; next rules are verified:
1. Type-I modality appears when n s Ͼn p , n d .
2. Type-II modality appears when n s ϭn p Ͼn d ͑always due to outermost p subshell͒.
3. Type-III modality appears when n s ϭn p ϩ1ϭn d ϩ1 and there is a sufficient d contribution.
4. The negativity of the minimum in the type-III cases is always associated to the anomalous shell filling (n ϩ1)s 0 nd m , so n s ϭn p ϭn d .
In addition, numerical examination shows that the contributions from the outermost s subshell has a maximum at rϭ0 ͑type-I contribution͒, the outermost p subshell has a type-II contribution to the total B(r) and d and f outermost subshells have a type-III contribution.
Finally, taking into account that B(r) and the spherically averaged electron momentum density ⌸(p) are related by a Fourier transform, we can consider how the B(r) classification matches up with the ⌸(p) one.
11-14 T. Koga and coworkers have studied that according to ⌸(p) modalities the atoms that have been studied in this work can be separated into three distinct categories: 13, 14 • Type A. Atoms with a unimodal ⌸(p) with its maximum located at the origin (p max ϭ0); i.e., a monotonically decreasing momentum density.
• Type B. Atoms with a unimodal ⌸(p) with its maximum located away from the origin p max Ͼ0; i.e., the momentum density has a minimum at the origin.
• Type C. Atoms with a bimodal ⌸( p) with one maximum at the origin and the other maximum out of the origin, at p max Ͼ0, and a local minimum at p min with 0Ͻp min Ͻp max .
Thakkar et al. 15 found that a negative second derivative of ⌸(p) at the origin, ⌸Љ͑0͒Ͻ0, is an indicator of a momentum density of type A or C, while ⌸Љ͑0͒Ͼ0 corresponds to a type-B one.
The analysis of the relation between both classifications can be summarized as follows:
• For atoms having a ⌸( p) of type C the function B(r) is always positive, so they have a type-I or a type-III-b B(r).
• If the atoms have a ⌸(p) of type B, then the corresponding B(r) is negative in some interval. In fact, these atoms have a type-II or -III-a B(r), with the only exception of Y Ϫ (Zϭ39) that has a type-I B(r).
• All atoms with a B(r) of type I match up to atoms with a ⌸(p) with second derivative at the origin negative ͓⌸Љ͑0͒Ͻ0͔. The Y Ϫ anion constitutes an exception of this property and has ⌸Љ͑0͒Ͼ0.
• All atoms with B(r) of type II correspond with a ⌸(p)
unimodal ͑type A and B͒. For anions we observe that a type-II B(r) always matches up to a type-B ⌸(p).
• Atoms with B(r) of type III-a have a ⌸(p) of type B and atoms with B(r) of type III-b have a negative ⌸Љ͑0͒.
• For anions, a B(r) of type III corresponds with a ⌸(p) of type C.
III. HYDROGENIC ATOMS
In this section, some of the aforementioned structural properties of the spherical function B(r), numerically obtained for atomic systems ͑both neutral atoms and ions͒, as well as additional ones, are analytically studied for oneelectron atoms in terms of the quantum numbers (n,l) of the subshell to which the electron belongs.
In what follows, and for the sake of simplicity, we will only consider the case of nuclear charge Zϭ1, having in mind that all monotonicity properties concerning the corresponding functions for arbitrary Z, namely ⌸ Z (p) and B Z (r), are Z independent due to the scaling
In Ref. 16 , it is proved that the (n,l) reciprocal form factor is B nl ͑ r ͒ϭe Ϫr/n P 2n ͑ r ͒ϭe
with a 0 (n,l)ϭ1 and
for j 0, with k jl ϵmax͕l,͓(jϪ1)/2͔͖ and P m (␣,␤) (x) being a Jacobi polynomial. Some comments are in order:
͑i͒ The comparison between the McLaurin expansions of e Ϫr/n B nl (r) and B nl (r), which coefficients are proportional, respectively, to a j and B ( j) (0), provides an expression of a j for low j in terms of the radial expectation values ͗p m ͘ of ⌸ nl (p). So, the first few coefficients for arbitrary (n,l) are given by
͑ii͒ The leading coefficients a 2nϪ2 , a 2nϪ1 , and a 2n are obtained as particular cases of the general expression of a j : 
.
͑9͒
͑iii͒ The sign of B nl (r) at large distances is determined by the angular momentum quantum number l as (Ϫ1) l . ͑iv͒ The quotient a 2nϪ1 /a 2n is n(2Ϫn)(2nϩ1). Consequently, a 2nϪ1 ϭ0 if and only if nϭ2. Taking into account that the mean location of the zeros of P 2n (r) is given by Ϫa 2nϪ1 /(2na 2n ) , such a location is (nϪ2)(nϩ1/2), i.e., it only depends on the principal quantum number n.
Having in mind the third comment, the B nl (r) function corresponding to odd values of the quantum number l ͑e.g., p and f subshells͒ necessarily reaches negative values from some large enough r 0 on ͑i.e., it would not belong to type-I functions͒. In principle, negativity could also occur for additional finite regions within the interval (0,r 0 ) ͑e.g., 4 f ), as well as for even l ͑e.g., 3d).
It is interesting to study the particular cases corresponding to some different (n,l) values. The explicit expressions of P 2n (r) for values of the principal quantum number n ϭ1, 2, 3 are given by Table III with a 0 ϭ1 and a 3 ϭ0 for arbitrary (n,l).
Concerning the classification of B nl (r) according to the number of its local extrema ͑similarly to the one given for neutral atoms͒, the most remarkable point is the appearance of additional types when considering higher values of the principal quantum number n. In fact, such a situation should be expected because of the factorization of B nl (r) as an exponential and a polynomial of degree 2n. However, we have not yet been able to determine, in general, if the 2n zeros of the derivative are simple or not and how many of them belong to the real positive axis.
IV. SUMMARY
Different structural properties of the spherically averaged reciprocal form factor B(r) have been studied for ground-state neutral atoms and single ions. All those systems are classified into three different groups, attending to the number of local extrema of B(r). A detached study of this function for each subshell of the system makes clear that the valence electrons appear to be the main responsibles for such a structure.
An analytical study has been carried out for excited states of hydrogenic ions. Observed are ͑i͒ the appearance of additional groups in the aforementioned classification when increasing the degree of excitation ͑i.e., the value of the principal quantum number n͒, and ͑ii͒ the analogy between both classifications attending to the value of the angular momentum quantum number l of the more external electron. 
